Abstract. We consider certain rational homotopical conditions of simly connected CW complex X such that the rational cohomology of the classifying space Baut 1 X for fibrations with two-stage fibre X is (not) free. First, we consider when is Baut 1 X a rational factor of Baut 1 (X × S n ) for an odd-integer n and observe for a non-formal elliptic space X of rank 3. Second, we compute the Sullivan minimal models of Baut 1 X when X are certain non-formal pure spaces of rank 5.
Introduction
Let X be a simply connected finite CW complex and aut 1 X the indentity component of self-homotopy equivalences of X. The Dold-Lashof classifying space [2] , Baut 1 X, is the classifying space for orientable fibrations with fiber the homotopy type of X. In 1968, J.Milnor [15] showed that, when X = S n , H * (Baut 1 X; Q) ∼ = Q [v] where |v| = 2n if n is even and |v| = n + 1 if n is odd. Let M (X) be the Sullivan minimal model [24] of X and DerM (X) the DGL(differential graded Lie algebra) of the negative derivations on M (X) (see §2 below). In 1977, D.Sullivan [24] indicated that DerM (X) determines the rational homotopy type of Baut 1 X, that is, DerM (X) is a Quillen's DGL-model [17] . We are interested in the rational homotopical properties of it. (See [11] as a recent resarch of this direction.) It seems to be very difficult to expect understanding them immediately from the Sullivan model itself without the direct computation (see Theorem 2.1 below) of derivations of M (X) et al. (cf. [19] , [6] ). Indeed, it is complicated even when X is a product of spheres [21] . For example, when X is S 3 × S 5 (≃ Q SU (3)), Baut 1 X is not a rational H-space and it is not even formal (see Definition 1.8 below). Then the rational cohomology is infinitely generated as
with |v|(= deg(v)) = 4 and |w i | = 3 + 6i even though H * (Baut 1 S 3 ; Q) and H * (Baut 1 S 5 ; Q) are given as Q [v] and Q[u] with |u| = 6, respectively. A simply connected CW complex X is said to be elliptic if the dimensions of rational cohomology and homotopy are finite. Futhermore, an elliptic space X is said to be an F 0 -space if H * (X; Q) ∼ = Q[x 1 , · · · , x n ]/(f 1 , · · · , f n ), in which |x i | are even and f 1 , · · · , f n forms a regular sequence in Q[x 1 , · · · , x n ]. Then the Sullivan model is given as M (X) = (Λ(x 1 , .., x n , y 1 , .., y n ), d) with |x i | even and |y i | odd with dx i = 0 and dy i = f i ∈ Q[x 1 , .., x n ]. In 1977, S.Halperin [9] 
where K(Q, k i ) is the Eilenberg-Mac Lane space. That is, the tuple of an n-elements of the cohomology of Y rationally determine a fibration with fibre X and base Y . Here Z Q means the rationalization of a nilpotent space Z.
In this paper, first, as an important obstruction for Problem 1.1, we pay attention to that H * (Baut 1 (X × Y ); Q) can not be formulated by H * (Baut 1 X; Q) and H * (Baut 1 Y ; Q) since Baut 1 X is not even a rational factor of Baut 1 (X × Y ), i.e., (Baut 1 (X × Y )) Q ≃ (Baut 1 X) Q × C for any rational space C, in general. Refer S.B.Smith's works [21] and [22] We prepare the following general notation to start our observation.
Definition 1.3.
A space S with a map f : S → T is said to have a rational retraction for T when there is a map r : T Q → S Q with r • f Q ≃ id S Q . Also S is said to have a weak (rational) retraction for T when there is a graded Lie algebra map R :
Thus we have "rational factor ⇒ rational retraction ⇒ weak retraction". In particular, when a map f : S → T is π Q -injective, "H * (T ; Q) is free ⇒ S is a rational factor of T " from Lemma 2.2 below. In general, a map f : X → Y does not induce a map between identity components of spaces of self-equivalences 
where ||L|| is the spatial realization of a DGL L [17] .
Futhermore there are some examples in [21, section 5] . In this paper, we consider a sufficient condition for having a weak retraction in the case that Y is an oddsphere.
(b) Baut 1 S n has a weak retraction for Baut 1 (X × S n ) if ψ m (X) = 0 for any 0 < m < n. Definition 1.8. ( [25] ) A simply connected space X with Sullivan minimal model M (X) = (ΛV, d) is said to be formal if there is a quasi-isomorphism M (X) → (H * (X; Q), 0) and X is said to be coformal if there is a quasi-isomorphism from the Quillen's DGL-model [17] of X to the rational homotopy Lie algebra π * (ΩX) Q (equivalently, the differential of Sullivan minimal model is quadratic, i.e., dV ⊂ Λ 2 V ).
When Baut 1 (X × S n ) is coformal, "Baut 1 X has a rational retraction for Baut 1 (X ×S n )" is equivalent to "Baut 1 X has a weak retraction for Baut 1 (X ×S n )" from Lemma 2.2 below. Theorem 1.9. Suppose that H * (Baut 1 X; Q) is free. Then the differential of M (Baut 1 (X × S n )) does not have a quadratic part for an odd-sphere S n if (a) µ m,k (X) = 0 for any 0 ≤ k < n < m and (b) ψ m (X) = 0 for any 0 < m < n.
In particular, when 
In the followings, the symbol (v, f ) means the elementary derivation that takes a generator v of V to an element f of ΛV and the other generators to 0. Example 1.11. Let X be the pullback of the sphere bundle of the tangent bundle of S a+b by the canonical degree 1 map S a × S b → S a+b . Then it is the tortal space of a fibration
is an one or two variable free algebra: Λ(v 3,0 ) or Λ(v 2,1 , v 3,0 ). By referring to Theorem 1.9, a non-freeness condition of
is free if and only if a = b and 2a − 1 ≤ n < 3a − 1. In §4, we give the Sullivan minimal models for all cases of degrees.
In this paper, second, we consider about Question 1.1 for certain pure spaces X. Theorem 1.12. Let X be a non-formal pure space where M (X) = (Λ(x 1 , x 2 , y 1 , y 2 , y 3 ), d) where |x i | is even with |x 1 | ≤ |x 2 | and |y i | is odd with
is not a polynomial algebra if and only if the following (I) or (II) holds: (I) There is an odd-element w ∈ H * (X; Q) with |w| < |y 3 |.
for some 1 < l and 0 < k < min{l, |x 2 |/|x 1 |}. Here ∂f i /∂x j is the partial differentiation of f i by x j and (S) is the ideal of Q[x 1 , x 2 ] generated by a set S.
In the following examples, (1) and (2) correspond to (I) and (II) of the above theorem, respectively. Futhermore (3) satisfies the both cases of (I) and (II). In all cases, Baut 1 X are not formal.
2 . There is the even degree non-zero
Here the element v 3 corresponds to σ (with respect to Theorem 2.1 below).
(2) When X is the homogeneous space
with
Here the element v 3 corresponds to σ.
(3) When X is the total space of a fibration
2 . There are the even degree non-zero elements
Here the elements v 3 and v 5 correspond to σ and τ , respectively. It is not even coformal.
Finally we give an example of a non-formal homogeneous space X that does not satisfy the conditions of Theorem 1.12.
Example 1.14. Let X be a homogeneous space space with
Due to [16] , there are two types of torus embeddings
In both cases,
} in which k = 1 for (i) and k = 2 for (ii) from Theorem 2.1.
In §2, we prepare about computation of derivations and give the proofs of Theorems 1.9 and 1.12. In §3, we compare M (Baut 1 X) for formal cases and non-formal cases on elliptic spaces X with rational homotopy groups of rank 3. In §4, we give the Sullivan minimal models on all cases of Example 1.11. In §5, we give the explicit computation for giving the minimal model of Example 1.13 (2) but omit the computations of Example 1.13 (1) and (3) since they are similar to it.
Sullivan models and derivations
We use the Sullivan minimal model M (X) of a simply connected space X of finite type. It is a free Q-commutative differential graded algebra (abbr., DGA) (ΛV, d) with a Q-graded vector space V = i>1 V i where dim V i < ∞ and a decomposable differential, i.e.,
Here Λ + V is the ideal of ΛV generated by elements of positive degree. We often denote (ΛV, d) simply by ΛV . The degree of an element x of a graded algebra is denoted by |x|. Then we have
We note that M (X) determines the rational homotopy type X Q of X. In particular, there are the following isomorphisms
See [3] for a general introduction and the standard notations. Let Der i M (X) be the set of Q-derivations of M (X) decreasing the degree by i with σ(xy) = σ(x)y + (−1) i·|x| xσ(y) for x, y ∈ M (X). The boundary operator ∂ :
and ♯L is the dual space of L.
as graded Lie algebras, in which the left hand has the Samelson bracket.
Here the DGA m(Baut 1 X) need not be minimal (cf. Proposition 5.2 below). The following lemma is obvious from DGA-arguments. 
where (u) is the ideal of Λ(V ⊕ u) generated by u. Then (1) Baut 1 X has a weak retraction for
Proof. In general, since they are negative degree derivations, we have Proof.
(1) For σ ∈ H m (DerM (X)) and w ∈ H k (X; Q),
under 0 ≤ k < n < m. Conversely, all elements of [B, C] are given as them.
(2) For σ ∈ H m (DerM (X)) and w ∈ H k (X; Q), Proof of Theorem 1.12. From Lemma 2.5, it is sufficient to observe when a non-zero even degree element σ exists in H * (DerM (X)). Then we can divide it two cases as (I) :"|v| and |f | are both odd" or (II) :"|v| and |f | are both even" for σ = (v, f )+· · · .
A possiblity of H even (DerM (X)) = 0 is that there is the non-exact δ-cycle σ = (y 3 , w) for some odd-degree non-exact cocycle w in the ideal (y 1 , y 2 ), which is equivalent to (I).
The other possibility is given, when |x 1 | < |x 2 |, as that there exists a non-exact δ-cycle σ = (x 2 , x k 1 ) + τ for some 0 < k < |x 2 |/|x 1 | and a derivation τ . Let
. There exists such a τ if and only if there are elements g,
It is equivalent to ( * ) of (II). Remark 2.6. In Theorem 1.12(I), if ψ |yi| (y i , 1)(w) = [∂w/∂y i ] = 0, there is the non-exact δ-cycle σ = (y 3 , ∂w/∂y i ) with σ = [(y i , 1), (y 3 , w)] for non-exact δ-cycles (y i , 1) and (y 3 , w) (i = 1 or 2). Then the rational homotpy Lie algebra π * (ΩBaut 1 X) Q has a non-trivial Lie bracket (is not abelian) from Theoem 2.1. Especially H * (Baut 1 X; Q) is not even free.
3.
Oddly generated models of rank 3
For elliptic spaces X with dim π * (X) Q = 3 and
) with |v i | odd for i = 1, 2, 3 of |v 1 | ≤ |v 2 | ≤ |v 3 |. Then the minimal model M := M (Baut 1 X) is given as follows: (Λ(v 1,0 , v 2,0 , v 3,0 , v 3,1 , v 3,2 ), D) (Λ(v 1,0 , v 2,0 , v 3,0 , v 3,1 , v 3,2 , v 3,12 ), D)
Here the elements v i,j , v i,jk and v i,0 corresponds to the derivations (v i , v j ), (v i , v j v k ) and (v i , 1) = v * i , respectively with respect to Theorem 2.1. Thus |v i,j | = |v i | − |v j | + 1 is odd and |v i,jk | = |v i | − |v j | − |v k | + 1, |v i,0 | = |v i | + 1 are even. We also adopt these symbols to the following sections again.
Example 1.11
Let's directly compute the rational homotopies of
, (II) of §3)
and H * (S n ; Q) = Λ(u) with |u| = n odd. The following cases (1) ∼ (6) exist: (ii) |u| + |v 1 | > |v 2 | and |v Here f X means that Baut 1 X is a rational factor of Baut 1 (X × S n ), r X means that Baut 1 X has a rational retraction for Baut 1 (X ×S n ) and w.r X means that Baut 1 X has a weak rectraction for Baut 1 (X × S n ). Futhermore f S n , r S n and w.r S n are similar symbols for Baut 1 S n . H * -free means that H * (Baut 1 (X × S n ); Q) is free.
Proof. Since M (Baut 1 X) = (Λv 3,0 , 0) or (Λ(v 3,0 , v 2,1 ), 0) and M (Baut 1 S n ) = (Λv u,0 , 0), we can check whether or not the properties f X , .., w.r S n are true respectively from Lemma 2.2. See [21, §4] for formality conditions. Corollary 4.2. Suppose M (X) = (Λ(v 1 , v 2 , v 3 ), d) where |v i | are odd, dv 1 = dv 2 = 0, dv 3 = v 1 v 2 and n is odd. Then (1) The followings are equivalent:
is coformal if and only if Baut 1 S n has a rational retraction for
n is a rational factor of Baut 1 (X × S n ) and Baut 1 X has a rational retraction for Baut 1 (X × S n ). (4) Baut 1 X has a rational retraction for Baut 1 (X × S n ) if and only if it does a weak retraction. (5) Baut 1 S n has a weak retraction for Baut 1 (X × S n ).
Case of
. Then a basis of DerM (X) is given as the table:  degree  generators  11 (y 3 , 1) 9 (y 2 , 1)
Proof. Recall §2. The differential ∂ on the generators of of DerM (X) is given as
Then we obtain the result from π * +1 (Baut 1 X) ⊗ Q ∼ = H * (DerM (X)) = Ker(∂)/Im(∂) of Theorem 2.1.
Next, the Lie bracket is given as Then the differential d 2 of §2 (ii) is given as 
. Then ϕ is a quasi-isomorphism, i.e., M is the minimal model of m.
Proof. There are the filtrations of the word lengths on ΛV and ΛU , respectively:
where is given as follows:
where 
